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Abstract—This paper examines the effectiveness of the
combination between Successive Over-Relaxation (SOR) iterative
method with the Half-Sweep (HS) iteration namely Half-Sweep
Successive Over-Relaxation (HSSOR) to solve one-dimensional
time fractional diffusion equation numerically. To do this, the
problem will be discretized to construct the Half-Sweep finite
difference approximation equation via the Caputo’s time
fractional derivative and implicit finite difference discretization
scheme. Then a linear system will be generated by this Half-
Sweep approximation equation. Next the resulting of the linear
system has been solved using HSSOR iterative method in which
its effectiveness will be compared with the existing Successive
Over-Relaxation method (known as Full-Sweep Gauss-Seidel
(FSSOR)). One example is include to examine the effectiveness
the proposed method. The findings of this study point out that
the HSSOR iterative method is superior in term of number of
iterations and computational time as compared with the FSSOR
method.
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I. INTRODUCTION

Many scientific problems in mathematics, physics,
engineering and chemistry can be governed by using fractional
partial differential equations (FPDEs) [1,2,3,4,5]. In fact,
many proposed numerical techniques have been initiated to
obtain a numerical and/or analytical solutions of the fractional
problems. For instance, we have transform methods [6], finite
elements together with the method of lines [3], explicit and
implicit finite difference methods [3,7]. As mentioned in the
finite difference methods, the explicit discretization scheme
are categorised as a conditionally stable scheme whereas
others discussions of finite difference schemes are can be
found in the literature [8].

In this paper, we consider the finite difference methods to
derive a finite difference approximation equation in
representing the fractional problems. Basically, the approaches
based on the finite difference methods can be divided into
three categories: explicit, implicit and semi-explicit
discretization schemes. Due the stability of the discretization
process, we discretize the time fractional diffusion equations
(TFDE) problem by using Half-Sweep implicit finite
difference discretization scheme and Caputo fractional
operator in order to derive the Half-Sweep Caputo’s implicit
approximation equation. Then this Half-Sweep approximation
equation leads a linear system at each time level.
Consequently, the characteristics of its coefficient matrix are
sparse and large scale. To get numerical solutions over any
linear systems iteratively, actually, many concepts of iterative
methods have been initiated and enlightened by many
researchers such as Young [9], Hackbusch [10], Saad [11],
Evans [13] and Yousif and Evans [14,23]. in addition to that,
it can be observed that several families of block iterative
methods have been discussed by Evans [13], Ibrahim and
Abdullah [12], Yousif and Evans [14,23] to show the
advantages in term of its computation cost.

Besides the above iterative methods, Abdullah [24] has
suggested the concept of iteration Half-Sweep iteration in
which this iterative method is widely used to solve any linear
systems. As known in previous studies, the advantage of the
half-sweep iteration is to reduce the computational cost of the
original linear system. In addition to that, the half-sweep
iteration has been extensively extended by many researchers;
see Ibrahim and Abdulah [12], Othman and Abdullah [21],
Suliaman, Hasan and Othman.[22], Aruchunan and Sulaiman
[17,18,19], Muthuvalu and Sulaiman [16], Yousif and Evans
[14,23], Saudi and Sulaiman [25,26,27,28], Fauzi and
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Sulaiman [29,30], Khatim and Yit Hoe [20], Sulaiman and
Akhir [31,32].

Due to the fast convergence rate of the point iteration, the
standard SOR iterative method namely the Full-Sweep SOR
(FSSOR) iterative method will be used as linear solver. By
imposing the half-sweep iteration over the SOR method, we
examine the effectiveness of the HSSOR iterative method for
getting the numerical solutions of time-fractional parabolic
partial differential equations (TPPDE’s) by using the Half-
Sweep Caputo’s implicit approximation equation. To
investigate the capability of the HSSOR method, the FSSOR
iterative method acts as a control method.

To show the ability of this HSSOR method, let us consider
time-fractional diffusion equation (TFDE’s) be defined as

o 2
a U(x, t) _ a(x) a U(x, t) +b(x) aU(x, t) +C(X)U(_x, t)

0“ ox’ ox
in which a(x), b(x) and c(x) can be considered known
functions or constants. Then a is a parameter which represent
to the fractional order of time derivative.

The outline of this paper is organized in the following way:
In Section 2, the Half-Sweep Caputo’s implicit approximation
equation is derived. Then Section 3 deals with derivation of
family of SOR methods. In Section 4, the formulation and
implementation of the HSSOR iterative method are also
presented. In Section 5 conducts numerical experiments and
its numerical results and conclusion are included in Section 6.

II. PRELIMINARIES

Before gaining the Half-Sweep Caputo’s implicit
approximation equation of the fractional problem (1), the
following are some basic definitions of fractional derivative
theory :

Definition 1. [8] The Riemann-Liouville fractional integral

operator , J % of order- & is defined as

X

I P == [(e= 1) fdea>0.x50 @

(er)s
Definition 2.[8] The Caputo’s fractional partial derivative

operator, D% of order - & is defined as

PR S B A 0
D f(x)— F(m —OK)J. (x_t)a—m-H

0
with m—1<a<m,meN, x>0

dt,o>0 3)

To get numerical solutions of the fractional problem (1) via
the Half-Sweep implicit finite difference discretization scheme
by using the finite difference method, firstly let the solution
domain of the fractional problem be defined 0 < x <7, with

O<a <1, whereas the parameter & indicates to the
fractional order of time derivative. Also consider the
boundary conditions of fractional problem (1) be stated as

U(O,t)=g0(t),U(f,t)=gl(t),

whereas the initial condition is defined as
U(x,0) = g(x)
where g (t ) g1 (t ) and gy (x) are given functions and/or
constants. In order to derive the approximation equation to the

time fractional derivative in Eq. (1), firstly, consider Caputo’s
fractional partial derivative of order ¢, be stated as [8,9]

Muxt) 1 ]-o&(x—s)(
ata I(n—l) 0 ot
By using the Caputo’s fractional operator in Eq.(4) and the
Half-Sweep implicit finite difference discretization scheme,
we can derive the Half-Swep Caputo’s approximation
equation. Actually, this Half-Sweep implicit approximation
equation can be classified as unconditionally stable scheme.
Further explanation on how to derive this approximation

equation will be elaborated in the following section.

t—g %ds t>0 O<a<l (4)

III. HALF-SWEEP CAPUTO’S IMPLICIT APPROXIMATION

Before constructing the Half-Sweep Caputo’s implicit
approximation equation, let the Caputo’s fractional partial
derivative in Eq.(4) be rewritten as

n
a - a
DiUjp=0gk 2, ‘05' )(Ui,n—j+1 _Ui,n—j) (5
J=1
and we have the following expressions

1
O =
“rl-a)l-a)k”

and

o = =(j-1)""

J

To facilitate us in discretizing the fractional problem (1) via
the implicit finite difference discretization scheme, Firstly, its
the solution domain of the fractional problem is divided
uniformly into several subintervals. To do this, we consider
several positive integers m and n in which the sizes of
subinterval over space and time directions are stated as

-0 T

h=Ax= Y and k = At =— respectively. According to
m n

these sizes of subinterval, we develop the uniformly finite grid

network in the solution domain where the grid points over the

space interval [0, }/] and time interval [0, T ] are denoted

1 i=0.12,.,m and j=0l12,..,n
respectively.  Then approximate values of the function
U(x,t) at the grid points are labeled as U, ; = U(xl.,tj).
By considering Eq. (5) and the Half-Sweep implicit finite

difference discretization scheme, the Half-Sweep Caputo’s
implicit approximation equation of fractional problem (1) to

the reference grid point at (Xi,tj)z(ih,jk) is can be

X, =ih, ljzjk,

shown as
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SR
Cax 2. @5 (Ui,n—j+1 —Uin—j )
3=

1
— (Ui—Z,n —2Uin+Uit2n ) (6)
4h?

1
+Dbi n (Ui+2,n -Ui2n )+ cilUin,

for i=2,4,...,m-2. Actually, the approximation equation (6) is
also categories as one of family of fully implicit finite
difference approximation equations. Also this equation is first
order accuracy in time direction and second order in space
direction. For simplicity, consider the Half-Sweep
approximation equation (6) be rewritten at the specified time
level. For instance, we have for n=>2

O-a,kzaé’a) (l]i,n—j+1 _lJi,n—_/) :l?ilJ;—Z,n +qil]i,n +7/;l]i+2,n’ (7)
=1

where
_ a4 b,
Pi=am " an
a[
=c — ,
q; PYE
a, b
ro=— 4
4h*  4h

Also, we get forn = 1,

% .
—PiUi21+qiUi —xUi41 =5 1=24...m=-2(8)

where
ql = O-a,k - qi >

fi,o = O-a,kUi,O .

Referring to Eq. (8), we can get the tridiagonal linear system
that can be constructed in matrix form as

AU=f ©)
whe{e i
q; -n
— Dy q: -1 s

iy 612 _.”6
~ P ‘]:x—z V2
| A ERer

2
U=[U2,1 Usg1 Ugg ]T

Un—41 Um-21

f=[Uzl+P1U()1 Us1 Us1 * Undl Um—Z,l"'Hn—ZUm,IF-

IV. FORMULATION OF HALF-SWEEP SUCCESSIVE OVER
RELAXATION

To solve the tridiagonal linear system (9) iteratively, it can
be concluded that the characteristic of its coefficient matrix (9)
is large scale and sparse. In this paper, we consider the
application of HSSOR method for solving linear system (9).
As we know, the HSSOR method is essentially derived from
the combination of FSSOR method and the half-sweep
iteration. Due to the advantage of the Half-Sweep iteration and
applying HSSOR method, let the tridiagonal linear system (9)
be stated as

A=D-L-V (10)
in which D, L and V are define as diagonal, lower triangular
and upper triangular matrices respectively.

From the definition in Eq.(10), the general formulation of
FSSOR and HSSOR iterative methods can be defined as

o) - (o a)L)_l([(l —op+ vy a)fj (11)

where U(k) denotes an unknown vector at k™ iteration. Based

on Eq.(10), the implementation numerical experiments over
HSSOR method can be stated in Algorithm 1.

Algorithm 1: HSSOR
i. Initialize all the parameters. Set k =0 .
ii. For §=1,2,..., n-lnand i=24,..., m—4,m-2
Calculate
ylerl) o- a)L)_l([(l —wD+ vaololk)t a)fj

iii. Check convergence test. If the convergence criterion i.e.
let) (k)

<e=10"104 fulfilled, move step (iv).

Otherwise go back to Step (ii).

iv. Display approximate solutions.

V. NUMERICAL EXPERIMENT

In this experiment, we exemplify one tes example of the
time fractional problem being used to demonstrate the
accuracy and effectiveness of the HSSOR method as
compared with the FSSOR method. For comparison purpose,
three criteria have been considered such as number of
iterations (K), computational time (in seconds) and maximum
absolute error (MAE) at three different values of order o =
0.25, 0.50 and 0.75. For implementation of these two iterative
schemes, the convergence test considered the tolerance error,

which is fixed as € =107

To indicate the effectiveness of HSSOR iteration method,
consider one example for family of time fractional problem (1)
be given as [15]
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0“Ulx,t) d*Ulx,2)

ot ox’
subjected to the following boundary conditions, which are
stated as

, 0<a<1,0<x<y, t>0 (12)

2kt” 2kt”
U(0,t)=———, Ull,t) =0 +———,
(0.1 e +1) (61 Nea+1)
Then its initial condition is given as follow :
U(x,0)=

As taking & =1, it can be seen that problem (12) can be
reduced to the standard diffusion equation

oU(x,z) _ 82U(x,t)

, 0<x<vy, >0, (13)
ot 2 b
where the initial condition is given as
U (x,O) =x?

and boundary conditions as
U0,¢)=2kt,  U(l,t)=0%+2kt,
Then exact solution of Problem (12) can be expressed as
Ul(x,t)= x>+ 2kt.
Now by applying the series

wo” UxO =" U(x0)
Ulx,t)=
bor)= ,;‘ nl Zz o T(no+i+1)

to U (x,t ) for 0 < ¢ £1, it can be pointed out that the exact

solution of Problem (11) can be stated as
0!

F(a +1)

Based on three difference values of « , the numerical
results obtained from implementations of FSSOR and HSSOR
iterative methods over problem (12), have been tabulated in
Table 1 for different values of subinterval sizes, m = 128, 256,
512, 1024, and 2048.

Based on Table 1, the

computational time, R

Ry =¥ 100

N

are computational time of HSSOR and

n=l i=0

Ulx,t)= x> +2k ——

reduction percentage of
is given as

where/, and 77,
FSSOR methods respectively. Then the reduction percentage
of number of iterations, R, is defined as

o Vo
Mo

Ry = X100

where ¥/, and 77, are number of iterations of HSSOR and
FSSOR methods respectively.

VI. CONCLUSION

As a conclusion for the numerical solution of the time
fractional diffusion problems, this paper deals with the
implementation of HSSOR iterative method to solve a linear
system generated by the Half-Sweep Caputo’s implicit
approximation equations Through numerical experiments
results from Table 2 by comparing the performance between
the FSSOR and HSSOR iterative methods at three different
values of ¢ =0.25,0.50 and 0.75, it can be seen that the
percentage reduction of number of iterations for the HSSOR
iterative method have declined approximately by 2.24-
76.58%, 0.71-80.53%, and 2.41-75.45% respectively as
compared with the FSSOR method. In fact, implementations
of computational time for HSSOR method are much faster
about 32.21-84.99%, 29.64-86.35%, and 31.03-84.99%
respectively than the FSSOR method. It can be conclude that
the HSSOR method involves less number of iterations and
computational time as compared with FSSOR methods.
According to the accuracy of FSSOR and HSSOR iterative
methods, it can be stated that the numerical solutions of both
method are in good agreement. Besides FSOR and HSSOR
iterative methods, the family of AOR methods, see
Hadjidimos, Hallett, Sunarto et a/ [33,34,35] which are
categorized as one of of the single step iterative family, can be
considered for future work. In addition to those iterative
families, two-step iterative family (Ruggiero & Galligani [36];
Galligani [37,38]; Evans & Sahimi [39]; Sahimi et al. [40];
Sulaiman et al. [41]) are also interesting to be examined for
the proposed problem.
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TABLE 1. Comparison between number of iterations (K), the computational time ( seconds) and maximum absolute errors for

both iterative methods at & = 0.25,0.50,0.75

M Method a=0.25 a=0.50 a=10.75
K Time MAE K Time MAE K Time MAE
128 | FSSOR 714 2.08 | 9.95e-05 703 1.99 | 9.84e-05 705 2.03 | 1.29e-04
HSSOR 698 1.41 9.95¢-05 698 1.40 | 9.84e-05 688 1.40 | 1.29¢-04
256 | FSSOR 1461 6.90 | 9.95e-05 769 4.01 | 9.84e-05 769 4 | 1.29e-04
HSSOR 714 2.17 | 9.95e-05 703 2.15 | 9.84e-05 705 2.19 | 1.29¢-04
512 | FSSOR 6239 5597 | 9.96e-05 3951 35.08 | 9.84e-05 1821 16.51 | 1.29¢0-4
HSSOR 1461 8.4 | 9.95e-05 769 4.79 | 9.84e-05 769 4.81 | 1.29¢-04
1024 | FSSOR 23626 41543 | 9.97e-05 15229 268.33 | 9.86e-05 7417 129.41 | 1.30e-04
HSSOR 6239 65.78 | 9.96e-05 3951 41.56 | 9.84e-04 1821 19.42 | 1.29¢-04
2048 | FSSOR 87221 3204.74 1.00e-04 56530 2058.11 | 9.91e-05 27855 | 1006.92 | 1.30e-04
HSSOR 23626 499.01 9.97e-05 15229 319.26 | 9.85e-05 7417 155.02 | 1.30e-04
TABLE 2. Calculation of the percentage reduction for number of iterations (Ry,) and the computational time (R,)
for the HSSOR method compared with FSSOR method at & = 0.25,0.50,0.75
M a=0.25 a=0.50 a=0.75
Rb Rm Rb Rm Rb Rm
128 2.24 32.21 0.71 29.64 2.41 31.03
256 51.12 68.55 8.58 46.38 8.32 45.25
512 76.58 84.99 80.53 86.35 57.77 70.86
1024 73.59 84.16 74.05 84.51 75.45 84.99
2048 72.91 84.43 73.06 84.48 73.37 84.60
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